Linear Algebra I
08/11/2024, Friday, 15:00 — 17:00

You are NOT allowed to use any type of calculators.

1 Subspaces of R" 5+ 10+ 10 = 25 pts

(a) Let A € C and A € R™*". Show that the set {x € R" | Az = Az} is a subspace.
(b) Let X and Y be two subspaces of R™.

(i) Suppose that X ¢ Y. Show that if X UY is a subspace, then Y C X. ]
(i1) Show that X UY is a subspace if and only if X CY or Y C X. 1

44+4+5+6+6=25pts _."




3 Eigenvalues/ecigenvectors 54+545+5=20 pts

I" Suppose that N € F"*" is a nilpotent matrix, that is N* = 0 for some k > 0. Let a be a scalar.
(a) Find the eigenvalues of N.

(b) Show that al,, + N is nonsingular if and only if a # 0.

(c} Find the characteristic polynomial of al,, + N.

(d) Find the determinant and trace of al, + N.

4 Gram-Schmidt process 8 +2+10=20 pts

Pt Let n > 3 and x;, 5, and @3 be vectors in F" satisfying

|1l =1
2] = [|lz]| =2

zzzz = z;xa - zgzl — 1l

T L T3, Ty, and x3 are linearly independent.
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